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ABSTRACT A novel kind of non-integer order bilinear filters, named double-order bilinear filters,
is introduced in this work. They are based on the employment of two non-integer orders, offering
the maximum design flexibility in comparison with their fractional-order and power-law counterparts.
An attractive offered benefit is that this is achieved without increasing the circuit complexity, since the
proposed structure is capable of realizing all non-integer kinds of filters. Two design examples are provided,
where it is shown that lead/lag compensators utilized in control applications and low/high shelving filters
employed in acoustic applications are actually bilinear filters with suitably selected pole/zero frequencies.
Simulation and experimental results, using the OrCAD PSpice simulator and a Field Programmable Analog
Array device, respectively, support the findings of this work.

INDEX TERMS Analog filters, bilinear filters, compensators, curve-fitting approximation, field
programmable analog array, fractional-order filters, power-law filters, shelving filters.

I. INTRODUCTION
The term "bilinear filter" is used for the characterization of
filters which are expressed as a ratio of two linear functions.
The transfer function of a first-order bilinear filter is
yrs+ 1
xts+ 1’
with x,y > 0 being dimensionless scaling factors, T being
a time constant, and Gz, being the low-frequency gain of the
filter.

Employing fractional calculus, the transfer function of a
fractional-order bilinear filter is
yTs)* +1
x(ts)® +1°

Hjo(s) = G - (D

Hro(s) = G - @
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with 0 < o < 1 being the order of the filter.
The transfer function of a power-law bilinear filter of order
0 < B < 1is given by

3

Meanwhile, the standard first-order low-pass and high-pass
filter functions are directly derived from (1), by setting y =
0 and x =y, respectively.

Forms of fractional-order bilinear filter functions have
been realized in [1], [2], [3], and [4], while the corresponding
realization of power-law ones have been presented in [3].
Both the aforementioned kinds of filters offer improved
design flexibility with regards to their integer-order counter-
parts, because of the variable non-integer order of the filters,
which allows the adjustment of the main characteristics of
their frequency behavior.

yTs +yo)/3

H =Gy -
PL(S) L (xrs—i—xo
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In this work, a double-order bilinear filter function is
introduced where two degrees of freedom are offered because
of the employment of two orders, instead of a single order in
fractional-order and power-law filters. This enables having
full control of the characteristics of the filter. This work
is an extension of the work presented in [5]. Two possible
implementations are demonstrated, with the first one based
on the employment of a single Current Feedback Operational
Amplifier (CFOA) as the active element, which also offers the
capability of realizing all non-integer order functions by the
same RC network, and just adjusting the values of resistors
and capacitors. The second implementation is based on the
utilization of a Field Programmable Analog Array (FPAA)
device, which offers design programmability and versatility
in the sense that all kinds of (non-integer order) bilinear filters
can be implemented by re-programming the characteristics of
the intermediate stages.

This work is organized as follows: a systematic review of
the bilinear filter transfer functions, presented in the litera-
ture, is performed in Section II. The proposed generalized
bilinear filter transfer function is introduced in Section II,
where its possible implementations are also discussed. Two
application examples are provided in Section IV, and the
evaluation of the performance of the resulting schemes
is performed through simulation results, obtained with
the employment of the OrCAD PSpice suite and through
experimental results using the FPAA AN231E04 device from
Anadigm [6].

II. BILINEAR FILTER TRANSFER FUNCTIONS
A. INTEGER-ORDER BILINEAR FILTERS
Considering the expression in (1), the time constant is
associated with a characteristic frequency wq according to the
formula: T = 1/wg, and the pole and the zero are located in
the left-half of the s-plane with their magnitudes being

1 wo 1 wQ
—, o —.

Wy = — —=
Pt x’

= — 4)
yT y

According to (4), the pole (wp) and zero (w;) frequencies are
not symmetrically located around the characteristic frequency
having (in logarithmic scale) a distance equal to x and Yy,
respectively.

Using (4), the transfer function in (1) can be alternatively
written as in (5)

w,,) s+ w, )

Hio(s) = G (w—Z o,
The gain at high frequencies (Gy) tends to
Gn =Gt (&) =Gt (X) . (©)
W, X
Setting s = jw in (5), the derived gain and phase responses
are given by (7a)—(7b), respectively

| Hio(jo) | = GL - (7)
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LHio(jw) = tan” (w/w,) — tan" (w/wp).  (Tb)

Generally, the knee frequencies of the filter are calculated
from (7a) by setting the value of the gain to a desired level.
The most common level is the +3dB level and this will be
employed in what follows. In order to simplify the analysis,
it is assumed that the pole and zero of the filter are separated
in such a way that they independently determine the behavior
of the filter. The asymptotic (Bode) behavior of the frequency
response is determined by the relative separation between the
pole and the zero of the filter. This will be also assumed
hereinafter for all the types of filters which will be considered.

Type-I: w; > w, (x > y and G > Gp), then the gain
response has a constant value equal to G, until the lower knee
frequency wy,, which is equal to the pole frequency, and starts
monotonically decreasing until the higher knee frequency
wp , which is equal to the zero frequency. After this frequency,
it reaches a constant value equal to Gy, due to the effect of
the zero. Therefore,

a)szpzﬁ, wyzwzzﬁ. )
X y

Type-II: w, > w; (x < y or G < Gpg), then the gain
response has a constant value equal to G, until the lower knee
frequency wy,, but now becomes equal to the zero frequency,
and then it monotonically increases until reaching the higher
knee frequency wy , which is now equal to the pole frequency,
reaching a constant value equal to G . Thus,

a)Lza)zzﬁ, a)Hza)pzﬂ. O]
y X

Defining the geometric mean of the knee frequencies as the
mean frequency (wy,)

wm = oL - op, (10)

then, using (8) or (9) and (10), it is readily obtained
that the relationship between the mean frequency and the

characteristic frequency wy is
wQ
Oy = ——. 11
"= s (11)

The gain at the mean frequency (G,,) is defined by (12)
G =| Hio(jom) 1= v GLGH, (12)

which is equal to the geometric mean of the gains at low and
high frequencies.

It is now clear that the relationship between the gains at low
(Gr) and high frequencies (Gg), and the gain at the mean
frequency (Gy,), is

G
GL = Gm\/? Gn = —. (13)
y

\/E

y

Therefore, the gains of the filter G, and Gy (in dBs) are
equally spaced around G,.
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FIGURE 1. Bode plots of the gain responses of the Type-I (blue) and
Type-lI (red) bilinear filters, with notation of their most important
frequency characteristics.

The phase at this frequency (@,,) reaches its mini-
mum/maximum value given by

@, = LHio(jwy) = sin~! (1 - %) (14)

In order to facilitate the reader, the Bode plots associated
with Type-I and II are demonstrated in Fig.1, where the
aforementioned frequency characteristics are depicted.

B. FRACTIONAL-ORDER BILINEAR FILTERS
The pole and zero of the fractional-order filter function in (2)
can be expressed as

1 w( 1 wo

= xl/ag = yl/a’ Wz = yl/al— = yl/a’ (15)

@p
where the distance between the pole and the zero is controlled
by the order of the filter.

The transfer function in (2) can be alternatively written as

w,\* ¥+ o?
Hro(s) = GL (—”) P (16)
w; s —I—wp
with the gain at high frequencies being
o
Gn =Gy (ﬂ) Gy (X) . 17)
w; X

Setting s* = w* - [cos(0.5a7) + jsin(0.5a)] in (16), the
gain and phase responses of the filter are given by

2

(o) 2 () wmsen

| Hro(jo) | = G, - 2 N ’

14 (u%) +2 (u%) cos(0.5am)
(18a)

. B sin(0.5a7r)
/H w) = tan !
Fo(jw) ()% + cos(0.5a7)

- sin(0.5a7) (18b)

(22)* + cos(0.5am)’

w
Thus, the asymptotic behavior will be as follows:
Type-I: w; > wy, (x > y, GL > Gg), then the filter’s gain
response has similar behavior as its integer-order counterpart.

14042

The difference is that the low and high knee frequencies are
not equal to the pole/zero frequencies. They depend on the
order of the filter, and they are given by

w0 ] 3 _ 1/
Tia [\/l—i—cos (0.5am) cos(O.Som)] ,

w), =
(192)
1/
o = - [T+ cos2(05am) + cos0.5am)|
yl/e
(19b)

Type-II: w, > w; (x < yor G, < Gp), and the frequency
behavior is similar to that of the Type-II integer-order filters.
The knee frequencies are given by (19a)—(19b) after x and y
interchanging.

Using (15), it is readily obtained the relationship between the
mean frequency (wy,) and the characteristic frequency wg =
1/t, given by (20)

[0V
O = —— (20)

( \/@)l/a :
The relationship between the low and the high frequency
gains with the gain at the mean frequency is also given by
(13) making them equally spaced around the gain at the mean
frequency.
The phase at the mean frequency reaches its mini-
mum/maximum value calculated by (21)

_1  sin(0.5am) 1

an —
\/§ + cos(0.5a)

sin(0.5a)

ﬁ + cos(0.5ar)
(21)

D, =t

C. POWER-LAW BILINEAR FILTERS
The pole and zero locations of the filter in (3) are determined
by (4). Thus, the transfer function in (3) becomes

B B
w, s+ w
Hpi(s) = GL (—”) ( ) : (22)
w; s+ wp
At high frequencies, the gain tends to the value
p p
Gu =Gy, (@) =Gy (X) . (23)
w; X

The gain and phase responses of the filter are

2 B/2

1+(§)
2
1+ ()

/Hpp(jw) = B - [tan_l(a)/a)z) — tan—l(w/w,,)] . (24b)

| HpL(jw) | = GL - , (24a)

The asymptotic behavior of the filter is as follows:

Type-I: w;, > w, (x > y and G; > Gyg), with the gain
response having the same behavior as that of its fractional-
order counterpart. Again, the knee frequencies are not equal

VOLUME 12, 2024
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to the pole/zero frequencies and they depend on the order of
the filter with their associated expressions given by

wo wo 1
=B, g = — (25
oL = wH y STF (25)

Type-II: w, > w, (x < y and G, < Gg), where the knee
frequencies are given by (26)

w( \/17 [O)) 1
= — .28 -1, = 26
1) y wf = — STF (26)
The expression of the mean frequency, derived using
(25)—(26) is the same as that which corresponds to the integer-

order case, i.e., (11).
The phase, is calculated from

1_x
(bmzﬂ-sin_l( )yc), (27)
1+;

and this is the minimum/maximum value.

Ill. PROPOSED GENERALIZED (DOUBLE-ORDER)
BILINEAR FILTERS

A. FILTERS CHARACTERISTICS

The transfer functions of the integer-order, fractional-order,
and power-law bilinear filters can be generalized according
to the following form

o B
y(Ts)* + 1] ’ (28)

x(ts)* + 1

with 0 < o, B < 1 being the orders of the filter. According
to (28), the integer-order, fractional-order, and power-law
bilinear filters correspondtoo = 8 =1, 8 =0, and o = 0,
respectively.

The pole and zero of the filter are given by the expression
in (15) and, therefore, the transfer function in (28) can be re-
formed as

B
@ off 9+ ¥
Hpo(s) = G (—”) (—) : (29)
w; K —i—wp

ap B
G _ (w_) _ (z) , (30)
Gy wp y

The resulting gain and phase responses are described by
(31a)—(31b)

Hpo(s) = G - [

Hence

5
2
1+ (a%) ) (wﬂ)a cos(0.507)
|[Hpo(jw)|=GL 5 ~— ,
1+ w%) +2(§,,) cos(0.5a)
(la)
in(0.5ar)
/Hpo(jw) = B - {tan™! sin(
polje)r =P [ (Z)" + cos(0.5a7)
_1 sin(0.5a7)
— tan T . (31b)
(E”) ~+ cos(0.5am)
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TABLE 1. Frequency characteristics of double-order bilinear filters.

Variable Expression
wp UJQ/.I] @
W= wO/yl «a
1/
wp T i [\/21/5 — 1+ cos?(0.5ar) — cos(0.5a7r):|
—1/a
wyt y‘l"}’w . |:\/21/5 — 1+ cos2(0.5ar) — cos(0.5a7r)]
Gu Gr(y/x)?
Wm wo/(y/Ty)'/*
D, from (33)

TIn the case of Type-II filters, # and y must be interchanged.

The shape of the asymptotic behaviors of the filter is the same
as that of Type-I and Type-II kinds, with the knee frequencies
given by the expressions in (32a)—(32b)

2
Tyl

1/
. [\/21//3 — 1+cos2(0.5am) — cos(O.Som)] a,
(32a)

wr,

-1/

®H =% . [\/Zl/ﬂ — 14-co0s2(0.5am) — cos(O.Som)] * ,
y

(32b)

for the Type-I and with the same expressions for Type II after
interchanging x and y.

The expression of the mean frequency of the filter is
also given by (20), while the phase reaches its mini-
mum/maximum value calculated by (33)

®, = f- [tan] sin(0.5ar)
=
\/§ + cos(0.5a)
1 sin(0.5am) }

2+ cos(0.5am)

The most important frequency characteristics of the
generalized bilinear filter are summarized in Table 1. It must
be mentioned at this point that the frequency characteristics
of the integer-order filters (¢ = B = 1), fractional-order
(B = 0), and power-law (¢ = 0) bilinear filers could be
readily obtained from this Table.

In order to demonstrate the design flexibility offered by the
double-order filter, for a given set of values {x,y, G, o}
the control of the frequency characteristics of the filter
is described in Table 2. Considering the extra degrees of
freedom {«, B} in the case of the double-order filter, it
is evident from this Table that the five characteristics are
controlled by five parameters, offering the highest possible
freedom to the designer.

— tan

(33)

B. REALIZATION OF THE PROPOSED GENERALIZED
BILINEAR FILTER

1) MINIMUM ACTIVE COMPONENT COUNT REALIZATION
Let us consider the structure in Fig.2a where a CFOA has
been chosen as the active element [7]. The realized transfer
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TABLE 2. Controllability of the frequency characteristics of integer-order
(1-0), fractional-order (F-0), power-law (P-L) and double-order (D-0)
bilinear filters.

Variable 1-0 F-O | P-L | D-O
pole/zero freq. (wp/w.) | fixed @ fixed @

knee freq. (wr,, wgr) fixed « 5] a, B
gain at high-freq. (Ggr) fixed | fixed I} B
mean freq. (wm,) fixed a fixed a

phase at mean freq. (®,,) | fixed « 5 a, B

FIGURE 2. (a) CFOA based generalized structure for implementing integer
and non-integer order bilinear filter functions, (b) RC network for
implementing Z, for Type-I or Z; for Type-ll integer-order filters, and

(c) Cauer-1 RC network for implementing Z, for Type-I or Z; for Type-ll
generalized non-integer order bilinear filters.

function is

H(s) = 2 (34)
§)=—.

Z
Assuming that the impedance Z; is realized by the network
in Fig.2b, its value is given by

RiCis+1
R+ R)Cis+ 17

Using (34)—(35) and considering that Z; = R3, then the
following transfer function is readily obtained

Ry RiCis+1
R3(Ri +Ry)Cis+1°

Comparing (1) and (36), it is derived that: G, = R»/R3, and
x/y =14+ Ry/R; > 1. Therefore, this topology implements
the Type-I integer-order bilinear transfer function. The values
of x and y depend on the determination of the time constant.
For example:

o Assuming that T = RCy, then x = (R; + Rz)/R and
y = R /R, with R being an arbitrary value resistor.

o Assuming that T = 7, = R;C; (i.e., equal to the time
constant associated with the zero frequency), then x =
14+ Ry/Ryandy = 1.

o Assuming that T = /5,7, = Ri(RI + R2)C) (ie.,
equal to the geometric mean of the time constants
associated with the pole and zero frequencies), then
x = 1/y = /T+ R,/Ry. This choice establishes that
the mean frequency will be equal to the characteristic

Z(s)=R (35)

Hio_(s) = (36)

14044

frequency (w,; = wp) and that the pole and zero
frequencies will be symmetrically located around the
mean frequency.

The corresponding Type-II filters are implemented by
interchanging the position of the network that implements Z,
in the previous case with the position of R3. As a result, and
since (34) is still valid, the transfer function becomes

&(R] + Ry))Cis+ 1
Ry RiCis+1

Hio—n(s) = ) (37
where it is obvious that x < 7y, and the aforementioned
possible choices of the characteristic frequency are still valid.

The realization of the corresponding fractional-order
Type-1 and Type-II bilinear filters could be performed
by substituting the capacitor in Fig.2b by its fractional-
order counterpart. The approximation of its impedance
Zy = 1/Cys* can be performed by Foster or Cauer RC
networks [8]. However, the realization of the power-law and
double-order filters can not be performed by this way, due
to the presence of non-integer orders that are not directly
associated with Laplacian operators.

Therefore, Type-1 bilinear non-integer order filter (i.e.,
fractional-order, power-law, and double-order) will be real-
ized by assuming that

yr* +1

B
x(Ts)® + 1i| » Z1=R(38)

Z5(s) = RHpo(s) = RGL [

while for the Type-II

o B
Zo =R, Zi(s) = R [M} . (39)

Hpo(s)  GL | y(zs)* + 1

Employing a 3"-order approximation and using the curve-

fitting based approximation employed also in [9], the fre-
quency dependent impedances in (38)—(39) are approximated
by the transfer function in (40)

B3S3 + Bys* + Bys + By
3+ A2 +Ars + Ao

withA; and B; (i =0, 1,2, j =0, 1, 2, 3) being positive and
real coefficients.

Considering, for example, the Cauer-I network demonstrated
in Fig.2c, the continued fraction expansion of (40) takes the
form

; (40)

Zapprox (s) ~

(41)

Zapprox(8) = qo + a5+ 1 ] ,
p+——
935+

T
947 g55+qg

and the design equations will be given by (42)

C,',C=q,' Rj,cij i=1,3,5... j=2,4,6

(42)

Ro.c = qo

where g;(;) are the coefficients of the continued fraction
expansion in (41).

VOLUME 12, 2024
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2) PROGRAMMABLE REALIZATION

The programmability of the proposed bilinear filter functions
can be achieved as follows: starting from the transfer function
in (28) and utilizing the curve-fitting based approximation (as
in the previous Section), the resulting transfer function has the
form

D3s3 + D2S2 + Dis+ Dy
$3 4+ Cas?2 + C1s+ Cy
with C; and D; (i =0,1,2, j=0,1, 2, 3) being also posi-
tive and real coefficients. The transfer function in (43) can be

implemented by a multi-feedback structure described by the
transfer function in (44)

Happrox (8) ~ s (43)

3 Gy 2 Gy Go
Gas” + 08"+ oS+ o5 (44)
S+ L2+ !

Crrr (s) = n
—3S

172 TIT2T3

The scaling factors and the time constants are calculated by
equating the coefficients of (43) and (44).

The transfer function in (44) can be implemented using
Operational Transconductance Amplifiers (OTAs) as active
elements, with their small-signal electronically controlled
transconductance parameter used for implementing the
scaling factors and time constants [7]. Another alternative
is the utilization of an FPAA device such as the Anadigm
AN231E04 device, where the programmability is achieved
through the utilization of the switched-capacitor technique
[10], [11].

IV. APPLICATION DESIGN EXAMPLES
The transfer functions of integer-order, fractional-order, and
power-law compensators are the following

s+ 1
Hio,c(s) =Gy - , 45)
xts+1
() +1
H =G, ——, 46
Fo,c(s) S (46)
s+ 1 p
Hpp c(s) =GL - . @7
xts+1

Therefore, compensators are a special case of bilinear filters
with y = 1. In the case that x > 1, this is a Type-
I compensator known as lag-compensator, while for x <
1 the resulting Type-II compensator is known as lead-
compensator [1], [2], [12], [13], [14], [15], [16], [17], [18],
[19], [20], [21].

The corresponding expressions of shelving filters are

s

L
Hjo,sr(s) = Hsp(s) = G - — , (48)
xts+1
H =G % +1 49)
Fo,sF(s) = LT T
A
Hpp sr(s) = Gy, - ( - ) . (50)
xts+ 1

Consequently, shelving filters are a special case of their
corresponding bilinear filter counterparts, with x = 1/y.

VOLUME 12, 2024

Thus, the case of Type-I shelving filters corresponds tox > 1,
and these are known as low-shelving filters, while for x < 1,
the resulting Type-II shelving filters are known as high-
shelving filters [3], [22], [23], [24].

Concluding, shelving filters and compensators are dif-
ferent aspects of the same core, which is a bilinear filter.
In other words, having available a bilinear filter structure,
it can behave like a shelving filter or a compensator by
choosing suitable values of the pole/zero frequencies. The
only difference between shelving filters and compensators
is related to the considered frequency range; shelving filters
are employed for applications in the acoustic range (i.e.,
20Hz-20kHz), while compensators are employed in control
applications in the range of Hz. In other words, the difference
is in the location of the mean frequency or, equivalently, in the
location of the characteristic frequency wy.

The transfer functions of the proposed compensators and
shelving filters will be

B () +1 77

Hpo,c(s) = GL. - [m} , (51)
ey 7P

Hpo,sr(s) = Gr - [m} : (52)

respectively, offering the aforementioned benefits in terms of
design flexibility and circuit complexity.

A. DESIGNS OF COMPENSATORS

Assuming for instance wg = 10rad/s, the range of
approximation (lO_Zwo, 10+2a)o), and R = 10k, then the
values of passive elements (rounded to the E96 series defined
in IEC 60063 standard) which are required for implementing
the considered Type-I non-integer order compensators with
G, = 20dB and x = 1/y = 3.162, are summarized in
Table 3a. The corresponding values in the case of Type-II
compensators with G;, = 0dB and x = 1/y = 0.3162,
are provided in Table 3b. The values of the passive elements
{R1, R2, R3, C1}, which correspond to the case of integer-
order compensators, are {10k, 100k€2, 10k<2, 3.01uF'}
and {1.1k2, 10k<2, 10kS2, 28.7uF} for Types-I and II,
respectively.

The performance of bilinear compensators is evaluated
using the OrCAD PSpice suite, with the AD844 discrete
component biased at £10V employed as CFOA. Using
the component values in Table 3, the simulated responses
are depicted in Fig.3, where the theoretical plots are
also provided by dashes. The most important performance
characteristics of the non-integer order filters are sum-
marized in Table 4, accompanied by the theoretically
predicted values given in parentheses. The correspond-
ing results in the case of Type-I integer-order compen-
sators are 3.13(3.19)rad/s, 27.43(31.29)rad/s, 9.3(10)rad/s,
10(10)dB, and —55.9°(—54.9°), while for the Type-II the
results are 3.22(3.19)rad/s, 32.98(31.29)rad/s, 10.3(10)rad/s,
10.2(10)dB, and 54.3°(54.9°).
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TABLE 3. Values of the RC-network in Fig.1c for implementing (a) Type-I,
and (b) Type-Il non-integer order compensators.

Element | F-O (a =0.8) [ P-L(8=0.8) | D-O (a =3 =10.8)
Ro.. (k) 10.7 15.8 16.5
R, (k§) 26.1 60.4 26.1
Ry, (k€) 43.2 20 38.3
Re,c (k) 17.4 3.24 16.2
C1,. (WF) 237 28 1.87
C3,c (UF) 4.02 4.75 4.02
Cs,c (WF) 549 53.6 51.1
(@)
Element | F-O (a =0.8) | P-L (8 =1038) | D-O (a = 3 =0.8)
Ry, (k) 1.02 1.58 1.62
Ra . (k) 1.33 6.04 1.62
Ry, (k) 3.92 1.96 3.65
Re,c (k) 3.16 0.402 2.67
Ci,c (BF) 19.1 28 15.8
C3,c (WF) 21.5 44.2 23.2
Cs,c (BF) 130 392 162
(b)

gain (dB)
gain (dB)

T T T
107! 10° 10! 10% 10° 107" 10° 10! 107 10°
freq (rad/s) freq (rad/s)

(a) (b)

FIGURE 3. Simulated gain and phase responses of (a) Type-1 and
(b) Type-Il integer-order, fractional-order, power-law, and double-order
compensators implemented using the structure in Fig.2.

voltage (V)
i
Voltage (V)
7

T T T o T T T

30 30
time (s) time (s)

(a) (b)

FIGURE 4. Time-domain behavior of (a) Type-l, and (b) Type-II
double-order compensators stimulated at their mean frequency by a
2Vp.p sinusoidal input.

The time-domain behavior is evaluated in the case of
Type-I and II double-order compensators. For this purpose,
they are stimulated by a 2Vpeak-to-peak sinusoidal signal
at their mean frequency. According to the waveforms in
Fig.4a, the gain and the phase difference between the output
and input waveforms are equal to {12.1dB, —32.9°} for the
Type-1, with the associated theoretical values being {12dB,
—33.09°}. The simulated values in the case of the Type-II
compensator, derived from Fig.4b, are {8.04dB, 33.6°} close
to the theoretically predicted ones {8dB, 33.08°}.
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TABLE 4. Frequency response performance characteristics of (a) Type-I,
and (b) Type-Il non-integer order compensators.

Variable F-O P-L D-O
low knee freq. (rad/s) 1.59 (1.76) 3.73 (3.76) 2.03 (2.29)
high knee freq. (rad/s) 60 (56.74) 25.79 (26.61) | 43.01 (43.72)
mean freq. (rad/s) 9.8 (10) 9.8 (10) 9.3 (10)
gain at mean freq. (dB) 9.9 (10) 11.9(12) 12 (12)
phase at mean freq. (°) | -40.7 (-41.4) -43.3 (-43.9) -32.9 (-33.1)
(@)
Variable F-O P-L D-O
low knee freq. (rad/s) 2.09 (1.76) 3.79 (3.76) 2.29 (2.29)
high knee freq. (rad/s) | 51.23 (56.69) | 27.67 (26.61) | 48.36 (43.72)
mean freq. (rad/s) 10.3 (10) 10.2 (10) 10.5 (10)
gain at mean freq. (dB) 9.9 (10) 8.1(8) 8 (8)
phase at mean freq. (°) 40.8 (41.4) 43.5(43.9) 33.1(33.1)
(b)
150- 150

5]
3

no. of samples
no. of samples

50

9.0 9.5 10.C X 10.5 11.0
mean freq. (rad/s) mean freq. (rad/s)

(@) (b)

FIGURE 5. Monte-Carlo analysis results about the mean frequency of
(a) Type-1, and (b) Type-1l double-order compensators.

TABLE 5. Values of the coefficients and time constants in (44) for
implementing (a) Type-l, and (b) Type-1l non-integer order shelving
filters.

Variable | F-O (a =0.8) | P-L (6=0.8) | D-O (o =3 =0.8)
Go 9.695 10 9.7341
G 6.209 5.593 6.582
Ga 2.330 2.937 3.053
Gs 1.060 1.585 1.658m
71 (8) 32.988m 26.669m 38.032m
T2 (8) 4.171m 6.996m 4.988m
73 (S) 714.190u 1.936m 829.295u
(a)
Variable | F-O (« =0.8) | P-L(8=10.8) | D-O (a =8 =0.8)
Go 1.060 1 1.046
G1 2.330 1.853 1.926
Ga 6.209 3.529 4.153
G 9.695 6.309 6.142
71 (8) 140.018m 51.644m 120.584m
T2 (s) 23.976m 14.294m 20.047m
T3 (S) 3.031m 3.750m 2.629m
(b)

The sensitivity analysis is performed by employing the

Monte-Carlo analysis, offered by the Advanced Analysis tool
of the OrCAD PSpice. For this purpose, £5% deviation from
the nominal values of passive elements is assumed and the
obtained histograms, for N=500 runs, of the mean frequency
of the Type-I and II compensators are given in Fig.5. The
value of the standard deviation in the case of Type-I compen-
sator is 0.21rad/s, while for Type-II is 0.24rad/s, confirming
that the presented schemes have reasonable sensitivity
characteristics.
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FIGURE 6. Implementation of the proposed generalized bilinear filter (a) Design obtained using the Anadigm Designer®2 EDA software, (b) experimental
setup, and (c) FPAA board with an extra board including the input and output interfaces for single-to-differential conversion and vice versa.
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TABLE 6. Values of the coefficients and time constants in (44) for
implementing (a) Type-l, and (b) Type-II double-order shelving filters with
(¢ =0.8,8=0.7) and (x = 0.9, 3 = 0.8).

b Variable | D-O (a =0.8,3=10.7) | D-O (o =0.9,3 =0.8)
Go 9.757 9.896
S | e ] | She —mr | e G 6.827 6.790
(a) G 3.504 3.038
G3 2.074 1.615
FIGURE 7. Experimental time-domain behavior of (a) Type-I, and 1 () 20.927m 30.6250m
#b) Type-ll I;ioubl'e-ord_edr sII!eIVHtIg fllters' 'stlmulated atttl.|e|rt mc;an 72 (5) 5.450m 2.9912m
requency by a sinusoidal input (green:input, magenta:output). —0) 892.1620 105m
(a)
b msw e S — ——— e ——— Variable | D-O (a« =0.8,5=0.7) | D-O (a =10.9,8 = 0.8)
Go 1.039 1.019
{ . G 1.756 1.917
\ /\/\/-\/ G2 3.422 4.284
C . ‘ G3 4.890 6.244
71 () 112.087m 95.027m
72 (S) 18.342m 20.032m
(b) 73 (S) 2.443m 3.265m
(b)

FIGURE 8. Experimental demonstration of the programmability of the
proposed double-order filter for (« = 0.8, 3 = 0.7) (a) Type-l, and (b)
Type-ll (green:input, magenta:output).

B. DESIGNS OF SHELVING FILTERS

Assuming that wy = 10*rad /s and a range of approximation
(102w, 10™2wy), the values of the coefficients and time
constants in (44) for implementing non-integer order Types-
I and II shelving filters with low-frequency gains and time
constant scaling factors the same as in the previous designs,
are provided in Tables 5a-b, respectively. The utilized clock
frequency is equal to IMHz. Using the Anadigm Designer®2
EDA software, the resulting design is demonstrated in Fig.6a,
while the experimental setup is depicted in Figs.6b-c.

The gain and the input-output phase difference of the filters
measured from the input-output waveforms in Fig.7, which
are obtained in the cases of Type-I and Type-II double-order
shelving filters stimulated by a sinusoidal signal at their mean
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FIGURE 9. Experimental demonstration of the programmability of the
proposed double-order filter for (« = 0.9, 8 = 0.8) (a) Type-l, and (b)
Type-ll (green:input, magenta:output).

frequency, are {11.9dB, —33°} for Type-I, and {8.4dB, 29°}
for Type-II. The corresponding theoretical predicted values
are {12dB, —33.08°} and {8dB, 33.08°}.

The programmability feature of the proposed double-order

filter is demonstrated for (¢ = 0.8, 8 = 0.7) and («

0.9, B

0.8). The values of the scaling factors and
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time constants for implementing the resulting approximation
transfer functions are given in Table 6. The time-domain
behavior of these filters is demonstrated in Fig.8 for the first
case, while Fig.9 corresponds to the second one. In both
cases, the filters are stimulated by a sinusoidal signal at
their mean frequency. The values of the gain and phase
are {13.04dB, —29°} for the Type-I and {7.46dB, 26°} for
the Type-II filters with (¢« = 0.8, 8 = 0.7), when the
corresponding theoretical values are {13dB, -28.95°} and
{7dB, 28.95°}. Respectively, when (@ = 0.9, 8 = 0.8), the
measured values of gain and phase are {12.02dB, —39°} for
Type-I and {8.76dB, 32°} for Type-II double-order shelving
filters, when the corresponding theoretical predicted values
are equal to {12dB, —38.28°} and {8dB, 38.28°}.

V. CONCLUSION

Bilinear filters are applicable in control systems as lead/lag-
compensators and in acoustic systems as low/high-shelving
filters. The employment of non-integer orders in their transfer
functions offers design flexibility but, in general, suffers from
the increased circuit complexity. The proposed double-order
bilinear filter function offers the most economical solution
in terms of the active component count, while the presented
FPAA based implementation offers programmability. All
possible non-integer order versions (i.e., fractional-order,
power-law, and double-order) are implementable by the
same core, just by interchanging the impedances in the case
of active RC implementation, or adjusting the coefficients
of the approximation transfer function. Future research
plans include exploring double-order PID controllers, which
generalize fractional-order controllers.
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